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Abstract 

We reconstruct the Lagrangian of a left-right symmetric model with the gauge group SU{2)lX 
SU{2)r X U{1)y X 7r4(5'[/(2)L x SU{2)r x U{1)y)- The Higgs fields appear as gauge fields on 
discrete gauge group 'Ki{SU{2)L x SU{2)r x U{1)y) and are assigned in a way complying with 
the principle that both the original gauge group Gym md the discrete group 'n'4,{GYM) should be 
taken as gauge groups in sense of non- commutative geometry. 
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1 Introduction 



Very recently, an SU{2) generalized gauge field model has been constructed [1|]. In this model, 
the Yang-Mills gauge group SU (2) and its fourth homotopy group n^^i^SU (2)) = Z2 are dealt with 
on the equal footing in the sense of non-commutative differential geometry [Q. It is remarkable 
that not only the Higgs mechanism is automatically included in the model but also it survives 
quantum correlations since the spontaneous symmetry breaking breaks down both SU{2) and 
7r4(iS[/(2)). The later is different from Connes' NCDG approach to the particle model building^. 
In [^, this model is generalized to the Weinberg-Salam model and the standard model. The 
reason why the fourth homotopy group plays this important role lies in the fact that in these cases 
the base manifold is the 4— dimensional spacetime which may be compactified to S"^ and there is 
a kind of non-trivial SU{2)l gauge transformations which are topologically inequivalent to the 
identity. That means there does exist an internal gauge symmetry which we used to neglect by 
considering the infinitesimal transformation of a Lie gauge group. Taking into account this fact, 
both Gym and 71-4 (Gym) should be taken as gauge groups on the equal footing, where Gym is 
the original gauge group and 714^{Gym) is the fourth homotopy group of Gym- Then using the 
mathematic structure in0], [Q, the gauge fields will have two parts: the gauge fields on Gym 
which are the same as before and the gauge fields on discrete group tc^IGym) which appear as 
the Higgs fields. And the Yukawa coupling and Higgs mechanism will appear as a natural result. 

It should be mentioned that since the discrete symmetry is spontaneously broken down at the 
same time with the continuous gauge symmetry, there is no need to concern about this discrete 
symmetry when we quantize the theory. On the other hand, other approaches]^, H, |^, ||, || does 
not survive the quantum correlation. 

If this principle is true, it should be applicable to all 4 — D gauge theory models with non- 
trivial fourth homotopy groups of the gauge groups. One of them is the left-right symmetric 
model. As is well known, a missing link in the standard model is that the V — A structure of 
currents is put by hand. In the middle 70's, Pati, Salam and MohapatrafT^, [ll|] proposed a 
gauge theory model based on SU{2)l x SU{2)r x U{1)y which is totally left-right symmetric 
before symmetry breaking. They showed the right-handed charged gauge meson can be 
made much heavier than the left-handed and the V — A structure of weak interaction can 
be regarded as a low energy phenomenon which should disappear at IQ^Gev or higher. And in 
the limit of infinitely heavy W^, the predictions are the same as the standard model, as far as 
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the charged and neutral currents interactions are concerned. In other words, such theories are 
indistinguishable from the standard model at low energies. 

In this paper, we study such a model of left-right symmetry based on SU{2)i x SU{2)ji x 
U{1)y X 7r4{SU{2)L X SU{2)ji x U{1)y)- We choose and assign the Higgs fields according to the 
principle mentioned above. We show it is the minimum Higgs assignment which is necessary to 
break the gauge group down to U{l)em and the three Higgs fields included can be regarded as 
gauge fields along the three directions of the tangent space of n^^SUiTjL x SU{2)r x U{1)y) = 
Z2 ® Z2. 

We first show the differential calculus on Z2 © Z2 in section 2. Then in section 3 we construct 
the Lagrangian of this model. Finally we end with conclusions. 

2 Differential Calculus on Z2 Z2 

We will not present the general structure of non- commutative geometry^ in this section. But 
since ti4^{SU{2)l x SU{2)r x U{1)y) = Z2® ^2, we will briefly introduce some notations and 
relations of the differential calculus on Z2® Z2. Let's write the four elements of Z2 © Z2 as 

(61,62), (ri,e2), (ei,r2), (ri,r2). 

And the group multiplication is 

i9u92)ihi,h2) = {gihi,g2h2). (1) 

Let A be the algebra of complex valued functions on Z2® Z2. The derivative on A is defined as 

dj = f- Rgf geZ2®Z2, feA (2) 

with Rgf{h) = f{hg). We will write di and Ri for convenience where i = 1,2,3 refers to 
(n, 62), (ei, r2), (ri, r2) respectively. 

The bases of space of one forms are x^-.X^-, which are defined with 

X\dj) = 6i z,j = 1,2,3. (3) 
One can easily find that the following relations hold 

8182 = 81 + 82-83 
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didi = 291 

did2 = ^291 (4) 

dz^ez^x' = -x' ® - ® + ® - 2x' ® x' - x' ® x' - X^ ® x' + X^ ® 
: and similar eqs under permutations (1,2,3) and (2,1,3). 

In order to get a left-right symmetric Lagrangian before symmetry breaking, we let the metric 
to be symmetric under 1 2 

< xSx^ >=< x^x^ >= ^ ; <x^x^>=V /.x 
<x',x^>=o, i^j. 

And let 

< X' ® X', x'' ® x' >= o < x': X^ >< X\ X^>+b< X\ X^ >< X\X^ > ■ (6) 
with a, 6 two constants. 



3 Gauge Theory 

Since there are three bases of the space of one forms, we take in three Higgs fields in this model 

which belong to (|, | , 0), (|, 0, 1) and (0, |, 1) respectively. And this is also the minimum choice 
to give necessary symmetry breaking. We also choose the Lagrangian to be invariant under 
L ^ R transformation so we let = = ^r. 

All fields are regarded as elements of function space on SU{2)lxSU{2)rxU{1)yX'Ka{SU{2)lX 
SU{2)r X U{1)y)- We reasonably postulate that an SU{2) singlet is invariant under n4{SU{2)), 
that means R ^ R, L ^ L, etc. Here L{R) is left(right)-handed fermion doublet. Hence we 



write, for fermions 

I/(a;, ei, 62) = L; L{x,ri, 62) = RiL = 

L{x,ei,r2) = R2L = L; L{x,ri,r2) = R3L = L''^ .g. 

i?(x, ci, 62) = i?; R{x,ri,e2) = RiR — R 

rIx, ei, r2) = R2R = i?'"'; Rix, n, r2) = R^R = i?''' 

where L = ^ ^ or ^ ^ , which belong to (|,0, — 1) and (^,0, |) respectively, and 

R= i^^l^^ or ^ ^ , belong to (0, |, —1) and (0, |, |) respectively. 
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For gauge fields 



L^(x, 61,62) 

R^,{x, 61,62] 
Ri,{x,6i,r2) 



R 



L 



R2R11 = R], 



Lf,{x,ri,62) 
L^{x,ri,r2) 
R^,{x,ri,62) 
Rf,{x,ri,r2) 



RiL^ = L^' 

RiRi 
R3R1 



■ Rfj 

■ r:. 



2 -^A" 



where = -ig^W^' - ig%B^, i?, 



For Higgs fields 



$(x,6i,62) = 




$(x,ri,e2) = 




$(a;,ei,r2) = 


-- R2^ = ^''^ 


$(a;,ri,r2) = 




Al{x, 61,62) 


= Al; 


AL{x,ri,62) 


= RiAl = At 


AL{x,6i,r2) 


= R2AL = Al; 


AL{x,ri,r2) 


= RsAl = At 


Aji{x,6i,62) 


= An; 


An{x,ri,62) 


= RiAr = Ar 


AR{x,6i,r2) 


= R2An^Ai- 


Aij(x,ri,r2) 


= RsAr = Ai 



(9) 



(10) 



And we will not need the detail information about how the fields transform. 

Now taking into account the representations which the fields belong to, we assign these fields 
into three sectors. On point (ei, 62), we have 



^'(a;,6i,62) 
/ 

01 = 

V 




^(x); A„(x,6i,62) 



-A 



-A, 



a2 



0L2 

-A "^''2 



Rii 
\ 

-Ar 
«2 / 







A^{x) 



I 
V 



03 



-$'•2 

"3 



"3 



;ii) 



While on other points of Z2®Z2 these fields can be easily written out according to (|8|) , (|^) , (p!0|) . 
Here we see the generalized gauge fields including both the original gauge fields and the Higgs 
fields are arranged into 5x5 matrices which belong to the representation [(i, 0) © (0, |) © (0, 0)] ® 
[(I*, 0) © (0, i*) © (0, 0)] of SU{2)^ X SU{2)r. 

It should be mentioned that assignment (|TT]) not only assigns the fields to the points of 
Z2 © Z2 but also gives certain matrices arrangement. Such an arrangement can only be viewed 
as a working hypothesis at this moment and sometimes one should avoid certain extra constraints 
coming from this arrangement. 
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It is easy to see 

= i = l,2,3. (12) 
The connection one-form on SU{2)l x SU{2)r x U{1)y x n4{SU{2)L x SU{2)r x is 



i=l 



(13) 



We see that 0i,02,03 are Higgs fields assigned to three directions of Q}, the space of one- forms 
on the discrete group. Such an assignment is quite a natural choice as far as the principle of 
generalized gauge group is concerned. 

The generalized curvature two-form reads 



F{h) ^dA + A^A 



here d — dM + dz2®Z2- After some calculation, we get 



/ L 



fJbV 



R. 



I 



\ 



0/ 







F — D ^1 



( ° 



D^Ar 



I 



0/ 



and 



as 



: and similar eqs under permutations (1,2), (1,3), (2, 3), (1,2, 3), (1,3, 2). 

where $j = - 0^, L^^ = -ig^^^l - ig'^B^^, R^^ = -W^^^i - w'^B,,^, and 

D^Al = O^Al + L^Al 
D^Ar = d^AR + ii^A^i 



(14) 



(15) 



(16) 



(17) 
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Using (H) and 



L =< F{h),F{h) > 



(18) 



we have the bosonic sector of the Lagrangian 



^ym-h{x) 




1 



-i^[Tr{D,A,^){D,ALV + Tr{D,An){D,AnV] - ^^Tr{D,^){D,^)^ 
-f (^)2[Tr(A,Al - a^f + Tr(A^At^ - a^f] - |,(^)2rr($$t - a'^f 
-^^^{2aAtA^At,A« - 2(a + 6)^(A1$A^ + A^^^A^) + 4(a + h){^ fTT{<^^^)} 
-i^^^{2«AL**^AL - 2(a + h)a'{Ai^AR + Aj,<l>tAi) + 4(a + h)a'^ A^Ar} 
-i7^^{2aAjj<l>t$AH - 2(a + h)a'{A{^AR + Ajj<l>tAz.) + 4(a + 6)a'2^lAz.} 



Here we have set ai = a2 = a, = a' in order to get a left-right symmetric Lagrangian and 
inserted some normahzation constants N^, Nr, N, N' , Ni, N[ to avoid extra constraints coming 
from our arrangement of the fields. Since C is invariant under SU{2)l x SU{2)fi x U{1) trans- 
formation and so that is independent of the elements of Z2 ® Z2, there is no need to take the 
Haar integral. 

As to the fermionic sector of the Lagrangian, we have 



where A is the Yukawa coupling constant. We see that only $ has contribution to fermions 
masses, since A^, A^^ can not give a group singlet in Yukawa coupling. 

After choosing proper normalization constants, we rewrite the above Lagrangian as 



+const. 



(19) 



Cpix) = -L^^id^ + L^)L - R^^id^ + R^)R - X{L^R + M^L) 



(20) 



^ym-h{x) 



IW^'W^' - ^W^'W^' --B.,B 



(21) 



[Tr{D^AL){D^ALy + rr(D^AB)(D^A^)t] - rr(D^$)(D^$)t 



V{<i>,AL,An) 
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and 

A,., An) = pi(AlAiAiAi + A^AnA^An) - /i?(AlA^ + A^^A^) (22) 

+P3AlA,.AjjA^ + p4rr(Al$$tA^ + Aj,$$tA^) 

-/il(Ai$A^ + At,$A^) 
The breaking pattern of such a Higgs potential is well-known. We refer the readers to 



by G. Senjanovic for a detail discussion. 

4 Conclusions 

Based on a generalized gauge principle, we constructed an SU{2)l x SU{2)r x U{1)y model 
with T[/i{SU{2)L X SU{2)r x U{1)y) taken as discrete gauge symmetry. The Higgs mechanism is 
automatically included in this generalized gauge theory model. And the choice and assignment 
of Higgs fields seems quite natural when the principle of generalized gauge group is taken into 
account. Besides, since we take the homotopy group as generalized gauge group, the discrete 
symmetry is broken synchronously with the continuous symmetry. So we get the same version 
as an ordinary Yang-Mills model. That means we do not need to concern about this discrete 
symmetry when we quantize the model. 
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